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Abstract 
Atanassov  [1]  defined  the  union,  intersection  and  inclusion  of  intuitionistic  fuzzy  sets  on  the  same 
universal. In [2], Riecan and Atanassov defined new intuitionistic fuzzy sets on different universals and 
they examined the union, intersection and inclusion of these sets. In this paper we gave counterexamples 
for the results of union, intersection and inclusion of these sets.  For these situations we defined new 
intuitionistic fuzzy sets. In addition, we studied some properties of  new intuitionistic fuzzy sets to be 
considered in their new universals.  
 
Keywords: Intuitionistic Fuzzy Sets, Intuitionistic Fuzzy Operators, Intuitionistic Fuzzy Universals, Extension of 
Intuitionistic Fuzzy Sets, Intuitionistic Fuzzy Level Operators. 
 
1 Introduction 
The concept of fuzzy sets was introduced by Zadeh[3] as an extension of crisp sets by expanding the 
truth value set to the real unit interval [0,1]. Let X be a set. The function             is called a fuzzy set 
over X(FS(X)). For      ,     is the membership degree of x and the non-membership degree is    
     . Intuitionistic fuzzy sets have been introduced by Atanassov [1], as an extension of fuzzy sets. If  X  
is a universal then  a intuitionistic fuzzy set A, the membership and non-membership degree for each 
, xX  respectively,      (             ) and      (             ) such that                      . 
The class of intuitionistic fuzzy sets on X is denoted by IFS(X). While the sum of membership degree and 
non-membership degree is 1 on FS, this sum is less than 1 on IFS. 
 
2 Preliminaries and Notations 
Definition 2.1. Let L= [0, 1] then 
2
1 2 1 2 {( , ) [0,1] : 1} L x x x x
      
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is a lattice with  1 2 1 2 1 1 2 2 ( , ) ( , ): " " x x y y x y and x y     . 
For  1 1 2 2 ( , ),( , ) , x y x y L
   the operators  and  on ( , ) L
   are defined as following.  
11 ( , ) xy∧ 2 2 1 2 1 2 ( , ) (min( , ),max( , )) x y x x y y   
11 ( , ) xy∨ 2 2 1 2 1 2 ( , ) (max( , ),min( , )) x y x x y y   
For each  , JL
   
sup (sup{ [0,1]:( [0,1])(( , ) )},inf{ [0,1] J x y x y J y      : ( [0,1])(( , ) )}) x x y J   
and 
inf (inf{ [0,1]( [0,1])(( , ) )},sup{ [0,1] J x y x y J y      : ( [0,1])(( , ) )}). x x y J   
 
Definition 2.2. [1]An intuitionistic fuzzy set (shortly IFS) on a universal  X  is an object of the form  
{ , ( ), ( ) : } AA A x x x x X       
Where  ( )( [0,1]) A xX    is called the degree of membership of  x  in  A,  ( )( [0,1]) A xX    is called 
the degree of non- membership of x in A and  A  ,  A   satisfy the following condition: 
( ) ( ) 1, AA x x x X       
 
Remark 2.1. Sets   and  X are defined in intuitionistic fuzzy set theory as following; 
{ ,0,1 : } x x X       and   { ,1,0 : } X x x X      
 
Definition 2.3. [1] Let X be a universal and  , ( ). A B IFS X  X AB if and only if  
() A x   () B x    and    ( ) ( ) AB xx    for all xX   
The intersection and the union of A and B is defined by, 
A B={ , ( ) ( ), ( ) ( ) : } A B A B x x x x x x X           
A B={ , ( ) ( ), ( ) ( ) : } A B A B x x x x x x X           
 
Definition 2.4. [4]Let X be a universal,  () A IFS X  and let  { , ( ), ( ) : } AA A x x x x X       then  
{ , ( ), ( ) : }
c
AA A x x x x X       
is called the complement of A. 
 
3 On Some Theorems for the Paper of Riecan and Atanassov with New Operators 
Definition 3.1. [2]Let X be a universal and  , ( ). A B IFS X   Then; 
1.  ( ) { , ( ), ( ) : ( ) ( ) B A A A B N A x x x x x         & ( ) ( ), } AB x x x X    
2.  ( ) { , ( ), ( ) : ( ) ( ) B A A A B N A x x x x x    
      & ( ) ( ), } AB x x x X    
 
From the above definition, we can see easily that universals of  () B NA and () B NA
 may change to other 
universal sets. 
But, in [2], the union, intersection and subset property of these sets were used in some theorems. For 
example [2, Theorem 1] and [2, Theorem 3] are as follows: 
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Theorem 3.1. [2]For every two  , ( ): A B IFS X    
1)    () B A N A B A    
2)    () B A N A A B
    
3)    ( ) ,( ( ) BA N A x X x     ( )) B x  or ( ( ) ( )) AB xx     
4)    A    () B NA   () B NA
  
 
Theorem 3.2. [2]Let X be an universal and  , , ( ). A B C IFS X    
1)    ( ) ( ) ( ) C C C N A B N A N B    
2)    ( ) ( ) ( ) C C C N A B N A N B
      
 
Following example isn’t provided for Theorem 3.1. 
 
Example 3.1. Let  { , , , } X a b c d   and  , ( ): A B IFS X    
{( ,0.2,0.7),( ,0.8,0.1),( ,0.3,0.6),( ,0.4,0.4)} A a b c d    
{( ,0.3,0.5),( ,0.7,0.2),( ,0.2,0.5),( ,0.6,0.2)} B a b c d   then 
( ) {( ,0.8,0.1)} B N A b   and  ( ) {( ,0.2,0.7),( ,0.4,0.4)} B N A a d
    
{ }, { , } . Y b Z a d X      
By virtue of Definition 3.1, it is seen that the domain sets of  () B NA and  () B NA
  are Y, Z, resp. So we 
can’t say anything about the union or intersection of these sets. 
 
There is also same situation in Theorem 3.2. Because, the intersection and union properties are not valid 
for these sets, either. 
 
Example 3.2. Let  { , , , , } X a b c d e   and  , , ( ): A B C IFS X    
{( ,0.7,0.2),( ,0.8,0.1),( ,0.6,0.2),( ,0.5,0.4),( ,0.3,0.4)} A a b c d e    
{( ,0.5,0.4),( ,0.6,0.3),( ,0.5,0.3),( ,0.6,0.3),( ,0.5,0.4)} B a b c d e    
{( ,0.6,0.3),( ,0.7,0.2),( ,0.6,0.3),( ,0.5,0.3),( ,0.4,0.5)} C a b c d e   then 
( ) {( ,0.7,0.2),( ,0.8,0.1),( ,0.6,0.2)} C N A a b c   and  ( ) {( ,0.6,0.3),( ,0.5,0.4)} C N B d e   
( ) {( ,0.5,0.4),( ,0.3,0.4)} C N A d e
  and  ( ) {( ,0.5,0.4),( ,0.6,0.3),( ,0.5,0.3)} C N B a b c
   
 
For the solution, in the following definitions, we get new intuitionistic fuzzy sets w.r.t given intuitionistic 
fuzzy sets. 
 
Definition 3.2. Let  () A IFS X  and  ( ). B IFS Y   If X  Y then, 
1. 
inf ,
()
( ),
B
B x Y X
Ax
A x x X

 
   
  
2. 
sup ,
()
( ),
B B x Y X
Ax
A x x X

 
   
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3. 
inf ,
()
( ),
B
A x Y X
Ax
B x x X

 
   
  
4. 
sup ,
()
( ),
B A x Y X
Ax
B x x X

 
   
  
 
Definition 3.3. Let  () A IFS X   and  ( ). B IFS Y   If  XY    then, 
1. 
( ),
()
inf ,
B
A x x X
Ax
B x Y

 
   
  
2. 
( ),
()
sup ,
B A x x X
Ax
B x Y

 
   
  
 3. 
inf ,
()
( ),
B
A x X
Ax
B x x Y

 
   
  
4. 
sup ,
()
( ),
B A x X
Ax
B x x Y

 
   
  
 
Definition 3.4. Let  () A IFS X   and  ( ). B IFS Y   If  XY   and  () X Y Y X  then, 
1. 
( ),
( ) inf ,
( ),
B
B x x Y X
A x B x X Y
A x x X Y

 
    
  
  
2.   
( ),
( ) sup ,
( ),
B
B x x Y X
A x B x X Y
A x x X Y

 
    
  
  
3.   
( ),
( ) inf ,
( ),
B
B x x Y X
A x A x X Y
A x x X Y

 
    
  
  
4.   
( ),
( ) sup ,
( ),
B
B x x Y X
A x A x X Y
A x x X Y

 
    
  
  
 
By  virtue  of  last  definitions,  the  union  and  intersection  of  sets  have  different  domain  can  be  easily 
examined. Some examples of new intuitionistic fuzzy sets are given as follows: 
 
Example 3.3. Let  , XY   and  ( ), A IFS X  ( ). B IFS Y   
 
3 1
97 11
42 14
79 11
53 22
75 11
24 3 2
95
( , ) 2 ,
( , ) 3 ,
( , ) 2 1,
( ) ( , ) 3 1, , ( )
( , ) 2 ,
( , ) 3 2,
( , ) 2 1,
x k k
x k k
x k k
A x x k k B x
x k k
x k k
x k k


 
                       
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1)   
3 1
47
11
53 11
42 11
24 11
53 14
49 11
24 11
53 3 1
95 11
24 3 1
95
( , ) 6 ,
( , ) 6 1,
( , ) 3 ,
( , ) 6 2,
( , ) 3 1,
( , ) 6 3,
( , ) 3 2, ( ) ,
( , ) 6 4,
( , ) 2 ,
( , ) 6 5,
( , ) 2 ,
)
1
( B B
x k k
x k k
x k k
x k k
x k k
x k k
x k k Ax
x k k
x k k
x k k
x k k
A B x  



  

  
  
  
   
  

  



22
75
3 2
95
( , ) 2 ,
( , ) 2 1,
x k k
x k k


 
 
 
 
 





 
     
 
 
2) 
3 1
97
14
79
11
52
11
52
( , ) 2 ,
( , ) 2 1,
()
( , ) 2 ,
( , ) 2 1,
B
x k k
x k k
Ax
x k k
x k k
 

 
        
    
     and
3 1
97
14
79
22
75
21
92
( , ) 2 ,
( , ) 2 1,
( )( )
( , ) 2 ,
( , ) 2 1,
B
x k k
x k k
x AB
x k k
x k k
 

 
        
    
  
 
 Example 3.4. Let  , XZ
   and  ( ), ( ) A IFS X C IFS Z  . 
11
42
11
53
11
24
( , ) 3 ,
( ) ( , ) 3 1, ,
( , ) 3 2,
x k k
A x x k k
x k k
 
     
    
         
11
10 4
53
11 7
12
63
11
35
33
88
( , ) 5 ,
( , ) 5 1,
() ( , ) 5 2,
( , ) 5 3,
( , ) 5 4,
x k k
x k k
Cx x k k
x k k
x k k





 
          
    
    
  
  
1) 
1 1 1 1
4 2 2 4
1 1 1 1
5 3 2 4
11
24
5 1
11 5
5 1
11 5
5 1
11 5
5 1
11 5
5 1
11 5
( , ) 3 , ( , ) 3 ,
( , ) 3 1, ( , ) 3 1,
( , ) 3 2,
( , ) 5 ,
( ) , ( )
( , ) 5 1,
( , ) 5 2,
( , ) 5 3,
( , ) 5 4,
CA
x k k x k k
x k k x k k
x k k
x k k
A x C x
x k k
x k k
x k k
x k k






    
      
   

       
   

   
    
11
24
11
10 4
53
11 7
12
63
11
35
33
88
( , ) 3 2,
( , ) 5 ,
( , ) 5 1,
( , ) 5 2,
( , ) 5 3,
( , ) 5 4,
x k k
x k k
x k k
x k k
x k k
x k k






  
   

 
    
   

   
    
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and  
11
24
11
24
11
24
5 1
11 5
5 1
11 5
5 1
11 5
5 1
11 5
5 1
11 5
( , ) 3 ,
( , ) 3 1,
( , ) 3 2,
( , ) 5 ,
( )( )
( , ) 5 1,
( , ) 5 2,
( , ) 5 3,
( , ) 5 4,
CA
x k k
x k k
x k k
x k k
A C x
x k k
x k k
x k k
x k k






 
    
   

       
   

   
    
  
 
2)   
1 1 1 1
5 2 4 2
1 1 1 1
5 2 5 3
11
52
11
10 4
53
11 7
12
63
11
35
33
88
( , ) 3 , ( , ) 3 ,
( , ) 3 1, ( , ) 3 1,
( , ) 3 2, (
( , ) 5 ,
( ) , ( )
( , ) 5 1,
( , ) 5 2,
( , ) 5 3,
( , ) 5 4,
CA
x k k x k k
x k k x k k
x k k
x k k
A x C x
x k k
x k k
x k k
x k k






    
       
   

       
   

   
    
11
24
12
10 3
12
10 3
12
10 3
12
10 3
12
10 3
, ) 3 2,
( , ) 5 ,
( , ) 5 1,
( , ) 5 2,
( , ) 5 3,
( , ) 5 4,
x k k
x k k
x k k
x k k
x k k
x k k








   

 
    
   

   
    
   
 
and     
11
42
11
53
11
24
11
10 4
53
11 7
12
63
11
35
33
88
( , ) 3 ,
( , ) 3 1,
( , ) 3 2,
( , ) 5 ,
( )( )
( , ) 5 1,
( , ) 5 2,
( , ) 5 3,
( , ) 5 4,
CA
x k k
x k k
x k k
x k k
A C x
x k k
x k k
x k k
x k k






 
    
   

       
   

   
    
  
 
Example 3.5. Let  {0}, XY
     and  ( ), ( ) A IFS X B IFS Y  . 
 
 
73 21
11 9 5 7
35 24
11 9 5 7
53 42
11 9 5 7
( , ) 3 , {0} ( , ) 3 ,
( ) ( , ) 3 1, {0}, ( ) ( , ) 3 1,
( , ) 3 2, {0} ( , ) 3 2,
x k k x k k
A x x k k B x x k k
x k k x k k



      
           
         
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1)   
14
57
3 1
57
24
57
3 2
57
7 2
11 9
35
11 9
5 4
11 9
( , ) 0
( , ) 3 ,
( , ) 3 1,
( , ) 3 2, ( ) ,
( , ) 3 ,
( , ) 3 1,
( , ) 3 2,
B
x
x k k
x k k
x k k Ax
x k k
x k k
x k k







 
  
   

    
  
   
    
   
7 2
11 9
3 1
57
24
57
3 2
57
7 2
11 9
35
11 9
5 4
11 9
( , ) 0
( , ) 3 ,
( , ) 3 1,
( ) ( , ) 3 2,
( , ) 3 ,
( , ) 3 1,
( , ) 3 2,
A
x
x k k
x k k
B x x k k
x k k
x k k
x k k







 
  
   

    
  
   
    
   
 
and  
14
57
3 1
57
24
57
3 2
57
7 2
11 9
35
11 9
5 4
11 9
( , ) 0
( , ) 3 ,
( , ) 3 1,
( , ) 3 2, (   )( )
( , ) 3 ,
( , ) 3 1,
( , ) 3 2,
BA
x
x k k
x k k
x k k A B x
x k k
x k k
x k k







 
  
   

    
  
   
    
  
 
2)   
5 4
11 9
3 1
57
24
57
3 2
57
7 2
11 9
35
11 9
5 4
11 9
( , ) 0
( , ) 3 ,
( , ) 3 1,
( ) ( , ) 3 2, ,
( , ) 3 ,
( , ) 3 1,
( , ) 3 2,
B
x
x k k
x k k
A x x k k
x k k
x k k
x k k







 
  
   

    
  
   
    
  
3 2
57
3 1
57
24
57
3 2
57
7 2
11 9
35
11 9
5 4
11 9
( , ) 0
( , ) 3 ,
( , ) 3 1,
( ) ( , ) 3 2,
( , ) 3 ,
( , ) 3 1,
( , ) 3 2,
A
x
x k k
x k k
B x x k k
x k k
x k k
x k k







 
  
   

    
  
   
    
  and   
 
3 2
57
3 1
57
24
57
3 2
57
7 2
11 9
35
11 9
5 4
11 9
( , ) 0
( , ) 3 ,
( , ) 3 1,
(   )( ) ( , ) 3 2,
( , ) 3 ,
( , ) 3 1,
( , ) 3 2,
BA
x
x k k
x k k
A B x x k k
x k k
x k k
x k k







 
  
   

    
  
   
    
  
 
In Example 3.1, we couldn't say anything for union and intersection of IFSs. Now, we will solve those 
statements with definitions of new IFSs. 
 
{( ,0.2,0.7),( ,0.8,0.1),( ,0.3,0.6),( ,0.4,0.4)} A a b c d    
{( ,0.3,0.5),( ,0.7,0.2),( ,0.2,0.5),( ,0.6,0.2)} B a b c d   then from the definition; 
( ) {( ,0.8,0.1)} B N A b   and  ( ) {( ,0.2,0.7),( ,0.4,0.4)}. B N A a d
    
In this example,  { }, { , } Y b Z a d X     so  ( ) ( ), ( ) ( ). BB N A IFS Y N A IFS Z
    Journal of Fuzzy Set Valued Analysis                                                                                                                                                                  8 of 12 
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B  ( ( )) {( ,0.7,0.2),( ,0.8,0.1),( ,0.7,0.2),( ,0.7,0.2)} B N A a b c d   and 
B  ( ( )) {( ,0.2,0.7),( ,0.7,0.2),( ,0.7,0.2),( ,0.6,0.2)} B N A a b c d
    
 
So we get, 
B  ( ( ))?
B
B NA  ( ( )) {( ,0.7,0.2),( ,0.8,0.1),( ,0.7,0.2),( ,0.7,0.2)} B N A a b c d
   
and it is clear that 
( ( )) ( ( ))
BB
BB A N A N A 
  
 
In addition, we can see clearly,  
( ( )) ( ( )) B B B B A N A N A 
  and ( ( )) ( ( )).
BB
BB A N A N A 
   
But  ( ( )) ( ( ) . B B B B N A N A A 
   
 
On the other hand, we can solve this situation as follows as well: 
( ( )) ( ( )),
AA
BB A N A N A 
 ( ( )) ( ( )) A B A B A N A N A 
 and ( ( )) ( ( )).
AA
BB A N A N A 
   
But  ( ( )) ( ( ) . A B A B N A N A A 
   
 
Now, for Example 3.2; 
( ) {( ,0.7,0.2),( ,0.8,0.1),( ,0.6,0.2)} C N A a b c  , ( ) {( ,0.6,0.3),( ,0.5,0.4)} C N B d e   and 
() C N A B   
( ) {( ,0.5,0.4),( ,0.3,0.4)} C N A d e
  , ( ) {( ,0.5,0.4),( ,0.6,0.3),( ,0.5,0.3)} C N B a b c
   and 
() C N A B
   
 
In this example,  { , , }, { , } Y a b c Z d e   so   
( ), ( ) ( ) CC N A N B IFS Y
   and  ( ), ( ) ( ). CC N B N A IFS Z
   
C  ( ( )) {( ,0.7,0.2),( ,0.8,0.1),( ,0.6,0.2),( ,0.4,0.5),( ,0.4,0.5)}, C N A a b c d e    
C  ( ( )) {( ,0.4,0.5),( ,0.4,0.5),( ,0.4,0.5),( ,0.6,0.3),( ,0.5,0.4)}, C N B a b c d e    
C  ( ( )) {( ,0.4,0.5),( ,0.4,0.5),( ,0.4,0.5),( ,0.4,0.5),( ,0.4,0.5)} C N A B a b c d e    
 
So we get  
( ( )) ( ( )) ( ( )) C C C C C C N A B N A N B      
 
And also, 
( ( )) {( ,0.7,0.2),( ,0.7,0.2),( ,0.7,0.2),( ,0.5,0.4),( ,0.3,0.4)},
C
C N A a b c d e 
    
( ( )) {( ,0.5,0.4),( ,0.6,0.3),( ,0.5,0.3),( ,0.7,0.2),( ,0.7,0.2)},
C
C N B a b c d e 
    
( ( )) {( ,0.7,0.2),( ,0.7,0.2),( ,0.7,0.2),( ,0.7,0.2),( ,0.7,0.2)}.
C
C N A B a b c d e 
    
 
we see that, 
( ( )) ( ( )) ( ( ))
C C C
C C C N A B N A N B   
     
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But also, we get following results with other extensions. 
  ( ( )) ( ( )) ( ( )), ( ( )) ( ( )) ( ( )),
C C C
C C C C C C C C C N A N B N A B N A B N A N B      
     
  ( ( )) ( ( )) ( ( )) C C C C C C N A B N A N B     and 
  ( ( )) ( ( )) ( ( )), ( ( )) ( ( )) ( ( )),
C C C
C C C C C C C C C N A B N A N B N A B N A N B      
     
  ( ( )) ( ( )) ( ( )).
C C C
C C C N A B N A N B   
     
Now, we can give the following theorem. 
  
Theorem 3.3. Let  X  be a universal and  , ( ). A B IFS X   If  ( ) ( ), ( ) ( ) BB N A IFS Y N A IFS Z
   and  
, Y X Z X   then 
1)    A  ( ( )) BA NA  ( ( )) B N A A
   
2)   
A A  ( ( ))
A
B NA  ( ( )) B NA
   
 
Proof.  
The proof can be seen easily from definitions. 
 
4 Some Properties of New Intuitionistic Fuzzy Sets 
In this section, we will examine some properties of intuitionistic fuzzy sets which have different 
universals. 
 
Proposition 4.1. Let () A IFS X  and  ( ). B IFS Y   If  , XY  then 
1)     
B
BY AA    
2)     
B
BY AA    
 
Proof.  
If xY   then xX   or  . x Y X    
(1) if xX   then 
  ( ) ( ) ( )
B
B A x A x A x    
If x Y X   then  
  ( ) inf sup ( )
B
B A x B B A x      
So, for every    , ( ) ( )
B
B x Y A x A x    
 
(2) If xX   then  
  ( ) ( ) ( )
B
B A x B x A x    
If x Y X  then 
  ( ) inf sup ( )
B
B A x A A A x      
So, for every    , ( ) ( )
B
B x Y A x A x     
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Proposition 4.2. Let  () A IFS X   and  ( ). B IFS Y   If  XY    and  ( ), X Y Y X then 
1)     
B
B X Y AA     
2)     
B
B X Y AA     
 
Proof.  
It is clear from definition. 
 
Proposition 4.3. Let  () A IFS X   and  ( ). B IFS Y   If  , XY   then  
1.     
B
B X Y AA     
2.     
B
B X Y AA     
3.     
B
B X Y AA     
4.     
B
B X Y AA     
 
Proof.  
For every x X Y   it is clear that xX   or  . xY    
(2) If xX   then  
  ( ) inf sup ( )
B
B A x A A A x      
If xY   then  
  ( ) ( ) ( )
B
B A x B x A x    
So, for every            ( ) ( )
B
B X Y A x A x    
(3) If xX   then  
  ( ) ( ) sup ( )
B
B A x A x A A x      
If xY   then  
  ( ) inf ( ) ( )
B
B A x B B x A x      
So, for every               ( ) ( ).
B
B X Y A x A x    
We can show (1) and (4) like that. 
 
Proposition 4.4. Let , ( ) A C IFS X  , () B IFS Y  and  . X AC If   is an intuitionistic fuzzy sets, defined 
in Definition 3.2-3.3-3.4 then  
                 
 
Proof.  
The proof can be seen easily from definitions. 
 
Theorem 4.1. Let () A IFS X  , () B IFS Y  and ( ). C IFS Z  If  , X Y Z   and  , XY   then 
1.    ( ) ( )
B
C B Z C AA       
2.          ( ) ( ) ( ) C B Z C B Z C B X Y B A A A A           
3.        ( ) ( ) ( ) C B Z C B Z C B X Y B A A A A           
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Proof. 
(1) 
 
inf , ( )
( ) ( ),
inf ,
CB
C x Z X Y
A A x x X
B x Y

   
  
  
  and  
inf , ( )
( ) sup ,
( ),
B
C
C x Z X Y
A A x X
B x x Y

   
  
  
  
from these definitions, for every    , ( )( ) ( )( )
B
C B C x Z A x A x      . 
We can show (2) and (3) with same way. 
 
Theorem 4.2. Let  , ( ) A B IFS X  and  ( ). C IFS Y  If  , XY  then 
1)    ( ) ( ) ( ) C X Y C Y C A B A B       
2)    ( ) ( ) ( ) C X Y C Y C A B A B       
3)    ( ) ( ) ( )
C C C
X Y Y A B A B       
4)    ( ) ( ) ( )
C C C
X Y Y A B A B       
 
Proof.  
Let xY   then, 
(1) If  , x Y X   
( )( ) inf ( ) ( )( ) C X C Y C A B x C A B x      
If  , xX    
( )( ) ( )( ) min{ ( ), ( )} ( ) ( )(       ) C X X C Y C A B x A B x A x B x A B x        
So, for every  , ( )( ) (    ) ( )( ) C X C Y C x Y A B x A B x       
(4) If  , x Y X    
( )( ) sup (( ) ( ))( )
C C C
XY A B x C A B x        
If  , xX    
( )( ) ( )( ) max{ ( ), ( )} (( ) ( ))( )
C
X X C Y C A B x A B x A x B x A B x        
So, for every  , ( )( ) (( ) ( ))( )
C
X C Y C x Y A B x A B x       
We can show other properties in same way. 
 
Theorem 4.3. Let  () A IFS X   and  ( ). B IFS Y   If  XY  and  , X AB  then 
1)    ( ) ( ) B X Y B Y A B A B     
2)    ( ) ( ) B X Y B Y A B A B   
3)    ( ) ( ) B X Y B Y A B A B   
4)    ( ) ( )
BB
X Y Y A B A B    
 
Proof.  
Let xY   then, 
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( )( ) inf max{inf , ( )} (( ) )( ) B X B Y A B x B B B x A B x      
If  , xX    
( )( ) ( )( ) (( ) )( ) B X X B Y A B x A B x A B x    
So, for every  , ( )( ) (    ) ( )( ) C X C Y C x Y A B x A B x       
 
(4) If  , x Y X    
( )( ) sup (( ) ))( )
BB
XY A B x B A B x    
If  , xX    
( )( ) ( )( ) ( ) (( ) ))( )
BB
X X Y A B x A B x B x A B x      
So, for every  , ( )( ) (( ) )( )
BB
X Y Y x Y A B x A B x    
We can show other properties with the same way. 
 
Proposition 4.5. Let  ( ), A IFS X  ( ). B IFS Y  If  XY  and  , X AB then 
1) ( B A  )    B    B A  (A    B)  
2) (
BA  )    B   
BA  (A    B) 
 
Proof.  
Let xY   then, 
(1) If  , x Y X    
(( ) )( ) min{inf , ( )} inf   ( ( )   ) Y B B X A B x A B x A A B x      
If  , xX      
(( ) )( ) ( ) ( )( )    Y B B X A B x B x A B x    
So, ( ) ( ).    B Y Y B X A B A B   
We can show other property with the same way. 
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